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Abstract 



r— s ! Generalized Kahler geometry is the natural analogue of Kahler geometry, in the 

CN I context of generalized complex geometry. Just as we may require a complex structure 

to be compatible with a Riemannian metric in a way which gives rise to a symplectic 
rh , form, we may require a generalized complex structure to be compatible with a metric 

Q I so that it defines a second generalized complex structure. We explore the fundamental 

aspects of this geometry, including its equivalence with the bi-Hermitian geometry 
on the target of a 2-dimensional sigma model with (2, 2) supersymmetry, as well as 
the relation to holomorphic Dirac geometry and the resulting derived deformation 
theory. We also explore the analogy between pre-quantum line bundles and gerbes in 
the context of generalized Kahler geometry. 
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Introduction 

Generalized Kahler geometry is the natural Riemannian geometry associated to a gen- 
eralized complex structure in the sense of Hitchin. Just as in Kahler geometry, which 
involves a complex structure compatible with a symplectic form, a generalized Kahler 
structure derives from a compatible pair of generalized complex structures. A funda- 
mental feature of generalized geometry is that it occurs on a manifold equipped with 
a Courant algebroid, a structure characterized by a class in the third cohomology with 
real coefficients. If this class is integral, the Courant algebroid may be thought of as 
arising from a rank 1 abelian gerbe. We view this gerbe as the analogue of the pre- 
quantum line bundle in the theory of geometric quantization of symplectic manifolds. 

Just as for Kahler manifolds, the existence of a generalized Kahler structure places 
strong constraints on the underlying manifold; indeed, we shall see that the manifold 
inherits a pair of usual complex structures (I+, I_), which need not be isomorphic as 
complex manifolds. Interestingly, generalized Kahler structures may exist on com- 
plex manifolds which admit no Kahler metric; indeed, if the background Courant 
algebroid has nonzero characteristic class, we shall see that the complex structures 
must fail to satisfy the 33-lemma and hence cannot be algebraic or even Moishezon. 

The main result of this paper is that generalized Kahler geometry is equivalent to a 
bi-Hermitian geometry discovered by Gates, Hull and Rocek in 1984 [1], which arises 
on the target of a 2-dimensional sigma model upon imposing N = (2, 2) supersym- 
metry. This equivalence, first show^n in [2], was followed by a number of results, such 
as those contained in [3, 4, 5, 6, 7, 8, 9, 10, 11, 12], which are not easily accessed purely 
from the bi-Hermitian point of view. The proof presented here is more transparent 
than that in [2]. 

The rest of the paper is concerned with understanding the relationship between 
the complex structures (I+, I_) participating in the bi-Hermitian pair, from the point 
of view of generalized complex geometry. We show that on each of the complex mani- 
folds, we obtain a holomorphic Courant algebroid, which splits as a sum of transverse 
holomorphic Dirac structures, a situation which fits into the formalism developed by 
Liu, Weinstein and Xu in [13]. Having this structure on each complex manifold, we 
may describe the relationship between them as a Morita equivalence between a Dirac 
structure on 7+ and its counterpart on I_ . We also explain how to interpret these facts 
from the point of view^ of the prequantum gerbe, following and extending some of the 
work of Hull, Lindstrom, Rocek, von Unge, and Zabzine [14, 15, 16] on the relation 
between gerbes and generalized Kahler geometry. 

Among other things, we do not discuss the natural Bismut connections which can 
be used to describe and study generalized Kahler manifolds. These appeared in the 
original work on the bi-Hermitian structure [1], and their relationship to the Courant 
bracket was explored in [2, 17, 11] in connection with generalized Kahler geometry. 
We shall describe the connection approach elsewhere. Also, we do not present the 
Hodge decomposition of the twisted cohomology of a generalized Kahler manifold. 



as it shall appear elsewhere [3]. 

The paper is structured as follows: In Section 1, we develop the theory of holomor- 
phic Courant algebroids, and establish the relationship betw^een gerbes with connec- 
tion and Dirac structures in Courant algebroids. In Section 2, we define generalized 
Kahler structures, establish their equivalence with the bi-Hermitian geometry in [1], 
and provide several examples of generalized Kahler structures. In Section 3, we show 
that the generalized Kahler condition induces holomorphic Courant algebroids and 
transverse holomorphic Dirac structures on the bi-Hermitian pair, leading to a Morita 
equivalence relation between the constituent Lie algebroids. Finally, we explain some 
of the structure induced on a prequantum gerbe by the presence of a generalized 
Kahler structure. 

I am grateful to Nigel Hitchin for many insights throughout the project, which 
began as a part of my doctoral thesis under his supervision. I also thank Sergey 
Arkhipov, Henrique Bursztyn, Gil Cavalcanti, Eckhard Meinrenken and Maxim Zabzine 
for valuable discussions. This research was supported by a NSERC Discovery grant. 



1 Courant algebroids 



In generalized geometry, we study geometrical structures not on the tangent bundle 
of a manifold but rather on the sum TM ;= TM T*M of the tangent and cotangent 
bundles. We require the geometry to be compatible, in some sense, with the orthogo- 
nal structure induced on TM by the natural non-degenerate symmetric pairing: 

(X + ^,y + /7):=l(^(y)+;7(X)). 

Further, we may require that the geometrical structure satisfy an integrability condi- 
tion, which is usually expressed using the Courant bracket on sections of TM: 

[X + ^,Y + r]]:=[X,Y]+LxV-iYd^. 

This bracket satisfies a Jacobi identity but fails to be a Lie bracket because it is not 
skew-symmetric. Its failure to be skew^, however, is exact, and can be measured with 
the symmetric pairing: 

[X + ^, X + ^] = dix^ = d(X + ^, X + ^). (1.1) 

A striking feature of the Courant bracket is that it has symmetries fixing the underly- 
ing space M. Any closed 2-form B G Q^''^^(M) acts on TM, preserving the Courant 
bracket, via the bundle map: 

e^:X + ^^X + ^ + ixB. (1.2) 

Because of this symmetry, we may "twist" or modify the global structure of TM as 
an orthogonal bundle with a Courant bracket, keeping its local structure unchanged. 
These twisted structures are therefore classified by a characteristic class in H^ (Q^''^' (M) ) 
and are called exact Courant algebroids [13, 18, 19]. 



Example 1.1. Given a Cech cocycle By G O^''^^ ( Ujj ) with respect to an open cover { LT, }, 
we may construct a Courant algebroid in the following way. Define a vector bundle 
E by gluing {TM)\u. to {TM)\u. using the isomorphism e^'L The cocycle condition 

implies that e^'Vg^/* = e^*, so that E is well-defined. Since the B,y are symmetries, E 
inherits an orthogonal structure as well as a Courant bracket. Furthermore, from (1.2), 
w^e see that the gluing maps respect the projection re : TM — > TM. Hence the bundle 
E is naturally an extension: 

^T*M^^E^^TM ^0 (1.3) 

For convenience, we provide a definition of Courant algebroid follow^ing the above 
line of thought. 

Definition 1.2. An (exact^) Courant algebroid (E, 7i, q, [■, •]) is a vector bundle E w^hich 
is an extension of the form (1.3), with a symmetric pairing (•, •) := ('?(■))(■) given by 
a self-dual isomorphism of extensions q : E — > E* , and a bracket [•, •] on its sheaf of 
sections such that, locally, there is a splitting of n inducing an isomorphism with the 
orthogonal structure and Courant bracket on TM. 

Also, w^e shall call any local splitting of n inducing an isomorphism w^ith the struc- 
ture of TM (as in the definition) a local trivialization of the Courant algebroid. Note 
that the local trivializations over an open set U form a torsor for the group Q^''^' ( U) . 

1.1 Holomorphic Courant algebroids 

In the smooth category, the sheaf Q^''^' of smooth closed real 2-forms has the acyclic 
resolution: 

Q2,c1 q2 -^^ q3 -J^ ... , (1.4) 

so that H^(Q2''^\M, R)) is isomorphic to H'^(M, R). For an explicit cocycle repre- 
senting the isomorphism class of E, we may choose a splitting s : TM — > E of the 
sequence (1.3), determining a closed 3-form measuring the failure of the splitting to 
be involutive: 

H(X,y,Z) := (s(X), [s(y),s(Z)]). (1.5) 

In this way, we recover the classification of smooth exact Courant algebroids by Severa 
in [20]. 

In our study of generalized Kahler geometry, we will need to understand Courant 
algebroids in the holomorphic category. In this case, the sequence (1.3) may not split. 



^The Courant algebroids we consider in this paper are not of the most general type considered in [13], 
but are referred to as exact Courant algebroids; we will omit the adjective. 



and the sheaves in (1.4) consist of holomorphic forms, so that the resolution is no 
longer acyclic. From the exact sequence of sheaves: 







■ Q2^d ■ 



Q2 



- Q3'd 



-^0, 



we obtain the long exact sequence: 



H0(Q2) 



H0(n3^ 



vch 



H\n^^ 



ch 



Hi (Q2)^ Hi (03' 



d\ 



(1.6) 



If our complex manifold satisfies the 99-lemma, then the left- and right-most maps 
in (1.6) vanish and H^(n3''^') = H'^(n3), exhibiting the classification of holomorphic 
Courant algebroids as an extension: 



— - H0(n3) — - Hi(n2'd) 



Hi (02) 



-^0 



(1.7) 



We may interpret this as follows: given a holomorphic Courant algebroid E, the map 
to Hi(n2) represents the isomorphism class of the extension (1.3), where w^e observe 
that the extension class, which a priori lies in Hi (Qi (^ Qi ), is forced to be skew by the 
orthogonal structure q. On the other hand, the inclusion H^{n?) "-^ H^ (O^''^!) can be 
seen from the fact that the bracket [•, ■] of any Courant algebroid E may be modified, 
given a holomorphic (3, 0)-form H G H'^(Q3), as follows: 

KeiU ■■= [61,62] + l{in{eiMc2)H)- 

A warning is in order, however, since we shall encounter complex manifolds which 
are non-Kahler, and hence do not necessarily satisfy the 39-lemma, and so the short 
exact sequence (1.7) may not hold. For the general case, it w^ill be useful to have a 
Dolbeault resolution of Q^-'^i, as follows. First resolve the sheaf using the local 99- 
lemma: 



0- 



Q2^d . 



-^ Z2'° 



-^z^'l 



where Z^'"^ is the sheaf of smooth 9-closed {p,q) forms. Then use the Dolbeault res- 
olution for each Zi,'''' given by 9 to conclude that H^{Cf-''^^) is given by the first total 
cohomology of the double complex 



a 

03-0 

a 



■n3'i 



(1.8) 



Q2'0 



■n2'i 



n2'2 



Proposition 1.3. Holomorphic Courant algebroids are classified up to isomorphism by 

^^^ ) = d{cW{M)) ■ ^^-^^ 

Example 1.4. Given a Dolbeault representative T + H for a class in (1.9), with T G O'^'^ 
and H G Q'^''^, we may construct a corresponding holomorphic Courant algebroid. 
Viewing T as a map T : Ti qM — > ^o i^ '^ ^i o^' define the following partial con- 
nection on sections of £ = Ti^qM ® T^qM: 



D=(^ ^) :r~(E)^r~(To*iM0E), 



w^here 9 are the usual holomorphic structures on the tangent and cotangent bundles. 
D squares to zero and defines a new holomorphic structure on the complex bundle E, 
w^hich then becomes a holomorphic extension of Ti q by T^q. The symmetric pairing 
on E is the usual one obtained from the duality pairing, but the bracket is twisted as 
follows: 

[X + ^, y + ?/] = [X, y] + Lxf] - iy^ + ixiyH. (1.10) 

Under the assumption that d{T + H) = 0, this bracket is well-defined on the sheaf 
of D-holomorphic sections of E, and defines a holomorphic Courant algebroid, as 
required. 

Example 1.5. Consider the standard Hopf surface X = {C^\{0})/Z, where Z acts 
by cp : (x^,x^) \-^ {2x^,2x^). This is a complex manifold diffeomorphic to S^ x S^, 
and hence it does not admit a Kahler structure. The Hodge numbers hf''^ all vanish 
except h'^'^ = 1 , h'^'^ = 1, h^'^ = 1 and h^'^ = 1. Hence, the group (1.9) classi- 
fying holomorphic Courant algebroids is H^(Q^) = C. The Courant algebroids in 
this 1-parameter family may be described explicitly using Example 1.4, but also holo- 
morphically, as follows. The union of the two elliptic curves Ei = {xi = 0} and 
El = {x2 = 0} form an anticanonical divisor, corresponding to the meromorphic sec- 
tion B = c[xiX2)^^dxi Adx2, c G C. GlueT(X\Ei) toT(X\E2) using the holomorphic 
closed 2-form B to obtain a Courant algebroid with modified extension class. 

On any complex manifold, there is an injection of sheaves from the holomorphic 
closed 2-forms to the smooth real closed 2-forms, which we denote, for disambigua- 
tion, 

n^'ol -^ n2^'^i(R). 

This morphism is given by B^'° i-^> ^{B^'^ + B'^'^). For this reason we have a map 
H^{Clj^'^j ) — > H^(Qoi'^ ); indeed, the underlying real vector bundle of any holomor- 
phic Courant algebroid is itself a smooth real Courant algebroid. 



Example 1.6. The real Courant algebroid onX = S^ x S^ corresponding to the holo- 
morphic Courant algebroid described in Example 1.5 is easily obtained by choosing 
a Dolbeault representative of the Cech cocycle ^{B + B). For B — c{xiX2)^^dxi A 
dx2, c G C, we obtain a class in H^{X,M.) which evaluates on the fundamental cycle 
ofSHo-47r2Re(c). 

1.2 Gerbes with connection 

In this section we will describe the relationship between C* -gerbes and Courant alge- 
broids, and in particular what the meaning of a Dirac structure is from the point of 
view of a gerbe. This is useful for understanding pre-quantization conditions in gen- 
eralized Kahler geometry but is not necessary for understanding the geometry per se. 
We will take the Cech approach of [21, 22, 23] to the description of gerbes, omitting 
discussions of refinements of covers, for convenience. We treat gerbes in both the 
smooth and holomorphic categories, indicating differences as we go. 

First, we review the basic method of working with gerbes at the Cech level. Let M 
be a smooth real or complex manifold, where Om denotes the sheaf of complex-valued 
functions (smooth or holomorphic, respectively). Choose an open covering {Uj}, and 
let G be a C* -gerbe which is locally trivialized over this covering, so that it is given by 
the data {L^, Oijk}, where L,y are (smooth or holomorphic) complex line bundles over 
Ujj, chosen so that Lij is dual to Ly„ and 0,y)t ■ ^ij ® ^jk — ^ ^ik are isomorphisms of 
line bundles over Uijk such that on quadruple overlaps Uijki we have the coherence 
condition: 

Siki ° (Oijk ® id) = Oiji o (id ^ Oj^i). 

Two local trivializations of the same gerbe differ by a collection of line bundles {L, — > 
Uj}, which affect the above data via: 

{Li} : [Lij, 9ijk) I — > {Lij (g) Li (g) L*, Oiji, (g idL,.®L|)- 

A global trivialization, or object, of G may be described, with respect to the local trivi- 
alization above, by line bundles {L,} together with isomorphisms my : L, — > Lij®Lj, 
such that on triple overlaps we have: 

mk = {Oijk <S) id-L,) o (idL,.^ (g nijk) o niij. 

Two global objects S = {L,-, m,y}, S' = {Lj, mj } of a gerbe differ by a global line bundle 
Lss' defined by Lgs'lu, •= ^ ® ^'i- As a result we may define a category of objects, 
where 

Hom(S,S')=r(M,Lss')- 

Finally, an equivalence G — >^ G' of gerbes is a global trivialization of G* ® G', where du- 
ality and tensor product of gerbes is defined in the obvious way. An auto-equivalence 
is a global object in the trivial gerbe: hence it is a global line bundle. C*-gerbes are 



classified up to equivalence by H^ ( O^ ) , where O^ C Cm is the subsheaf of nowhere- 
vanishing functions. 

We now^ introduce the notion of a gerbe connection over an arbitrary Lie algebroid 
A. Let {A, a, [■, •] ) be a complex Lie algebroid on M, where [•, •] is the Lie bracket on the 
sheaf of sections of A, and a : A — > Der(CM) is the bracket-preserving bundle map 
to the tangent bundle, usually called the anchor. We will use the notation {0.\,dA) 
to denote the associated de Rham complex of A. Note that if A is a holomorphic 
Lie algebroid, the anchor maps to the holomorphic tangent bundle, whereas in the 
smooth case it maps to TM (^ C 

Definition 1.7. An A-connection on a line bundle L is a differential operator 

d:0{L) -^0{A*®L), 

such that 3(/s) = (^a/) ®s + fds, for / G Om and s G 0{L). As with usual connec- 
tions, 9 has a curvature tensor 3^ = Fa G Cl\{M) such that ^A^a = 0. When F^ = 0, 
we say that L is flat over A, or that L is an A-module. 

Definition 1.8. An A-connection (3, B) on the gerbe G defined by {L,j, 9jjk} is given as 
follows. The first component, 9, called the 0-connection, is a family of A-connections 
dij on Lij with dji = 3* and such that 0y)t is flat in the induced connection: 

Oijk o (By (g) 1 + 1 djk) = dik o Oijk. 

The second component, B, called the 1-connection, is a collection {B, G Q^(L[,)} 
satisfying Bj — B, = Fg... The global 3-form H G n^(M) defined by H|^. = d/^Bi is 
called the curving of the connection, and satisfies d^H = 0. When H = 0, we say that 
G is flat over A. 

Let S : G — )■ G' be an equivalence of gerbes, and choose trivializations as above so 
that the object S in G* (g G' is given by {L„ my}, where m^ are isomorphisms 

Mij : L; — > (L*- O Ljy) Lj. 

Also, let G, G' be equipped with A-connections (9, B), (9', B') as above. Then, by def- 
inition, to promote S to an equivalence of gerbes with connection is to equip L, with 
A-connections 9, such that 

mij^{di)=d*j + d'ij + dj and B^ - B', = F^^. 

An auto-equivalence with connection is then simply a line bundle with cormection 
(L,9);itsactionisonly seen by the data defining the 1-connection, via B, i— > B, — Fq\u.. 
Gerbes with A-connections are classified up to equivalence by the hypercohomology 
group 



As in the case of holomorphic vector bundles, where the existence of a holomor- 
phic connection is obstructed by the Atiyah class, the existence of an A-connection 
on a gerbe is obstructed in general. We now briefly summarize the treatment of the 
obstructions given in [23]. 

Arbitrarily choose A-connections 9;y on Ly, so that Ojjj^ G 0{Lii- (gi Lj^j Lji) is not 
necessarily flat for the induced connection 3,^.^: 

(^ikj(^iik = ^ijk 'S^ dijk- 

This defines a Cech cocycle {Ajj^- G Cl\{Ujji()}, which represents the 0-Atiyah class 
''^o = [A-ijk] £ ^^(^a) obstructing the existence of a 0-connection on the gerbe. If 
ocq = 0, then there exists a 0-connection {9^}, and the curvatures {F^.. € 0^(11,^)} 
define the 1-Atiyah class oci G H^(Q^) obstructing the existence of a 1-connection. 

The following is an example of how A-connections on gerbes may be used. It 
is an analog of the well-known result for complex vector bundles that a flat partial 
(0,1) -connection induces a holomorphic structure on the bundle. It is essentially a 
realization of the following isomorphism: 

H^{o^,,) = h2( oi ^^ n04 ^- no,2 ^^ qo,3 ). 

Theorem 1.9. Let G be a smooth C*-gerbe over a complex manifold M, and let A = TqiM 
be the Dolbeault Lie algebroid. The choice of a flat A-connection on G naturally endows the 
gerbe with a holomorphic structure. 

Proof. Choose a smooth trivialization {L;y, Ojj]^} for the gerbe, and let {Dij, B,} be the 
given flat A-connection. Since 9B, = 0, we make a choice of potential A = {A; G 
nP'^{Ui)} such that dAi = B, (refining the cover as necessary). Then the trivial auto- 
equivalence of G, equipped with the A-connection 9 + A,, defines an equivalence of 
gerbes with connection: 

(Lij, Oijk, Dij, Bi) -^ {Lij, Qiju, Dij + Ai - Aj, 0) . 

The resulting A-connections Dij -|- A, — Aj are therefore flat, rendering both Ly and 0^^ 
holomorphic, and therefore defining a holomorphic gerbe Qa, w^hich a priori depends 
on A. A different choice A' = {A^ : 9A^ = B,}, similarly, defines a holomorphic gerbe 
Qa'. But, 9(AJ — A,) = 0, so that we obtain an equivalence of holomorphic gerbes 



MA' 



: Qa -^ Qa', (1.11) 



using the line bundles L, := (J, x C equipped with the holomorphic structures 9 + 
A^ — Ai. This shows that the holomorphic gerbes Qa, Qa' ^re canonically equivalent. 
Furthermore, for three choices A, A', A" of potentials for {B,}, there is a canonical 



isomorphism commuting the diagram 

Qa' (1-12) 



^AA' fl 


\Saiaii 


Qa —c — ^ Qa" 

^AA" 



in the sense that there is a canonical isomorphism of functors Sa'A" ° Saa' -^ Saa" ■ 
This isomorphism necessarily satisfies the tetrahedral coherence condition for a quadru- 
ple of potentials. Thus we have defined a holomorphic gerbe Q independent of the 
choice of potential. Note that this holomorphic gerbe does not come with a preferred 
holomorphic local trivialization. 

We now show that G is independent of the original local trivialization {Ljj, 9ij]^, Djj, B,} 
of the gerbe with connection. Changing the trivialization using local line bundles with 
connection {L„ D,}, we obtain new trivialization data {Ly, Sjj]^, Dy, B,}, given by: 

{Lij^Li^LJ, Oijk^idL.r^Lp Dij + Di + Dj, Bi-Fo,). (1.13) 

Choosing A = {Aj : 9A,- = B,} and A = {A,- : dAj = B,}, we obtain holomorphic 
gerbes Ga^ Ga ^7 ^^^ procedure above. But the choice of A, A immediately implies that 
Fdi = (^{Ai — Aj), and therefore that D, + Aj — Aj defines a holomorphic structure on 
Lj, so that {Lj, Dj + A, — Aj) defines a holomorphic equivalence S^^ : Ga -^ Ga' ^s 
required. Finally, we observe that there is a canonical isomorphism commuting the 
diagram: 

r' ^AA f, 

Ga ^^A 

^AAl\j \^AA< 

Ga' "5 — ^ Ga' 

^A' A' 

Combining this isomorphism with that from (1.11), we obtain canonical isomorphisms 
commuting each face of the diagram relating each of the gerbes obtained from differ- 
ent choices {A, A' , A" are potentials for {B,}, while A, A' , A" are potentials for {B,}): 



Ga" ^ Ga" 



Ga' 



The composition of all the isomorphisms commuting the faces of the above diagram 
yields the identity map on any of the edges. This establishes that the holomorphic 
gerbe G is independent of the initial local trivialization. D 

Our purpose in introducing connections on gerbes is twofold. First, taking A to 
be the tangent bundle^, we associate, following [24], a canonical Courant algebroid 



^We could consider any Lie algebroid A, obtaining Courant algebroids which are extensions of Ahy A*. 

10 



Eq to a 0-connection 9 on a gerbe. Second, we show that any Dirac structure D C £3 
induces a flat D-connection on the gerbe. 

Theorem 1.10. To every 0-connection d (over the complexified or holomorphic tangent bun- 
dle) on a gerbe G, there is a canonically associated Courant algebroid E^, with isomorphism 
class given by the map 

M\ 0]t, ^^ Qi ) A H^( ^ q2 ^^ 03 ^^ 04 ) = H\n^'^'). (1.14) 

Furthermore, global splittings ofE^ — > TM with isotropic image correspond bijectively with 
1-connections on {G,d). A connection is flat if and only if the corresponding splitting is 
involutive. 

Proof. Let the 0-connection be given by fl = {9y } in a local triviaUzation of the gerbe, 
and define the Courant algebroid E^ by the procedure in Example 1.1, gluing TLZ, to 
TUj using fg, . We must check that the Courant algebroid is independent of a. Change 
the local triviaUzation, using local line bundles with connection g = {L„ D,}, so that 
the 0-connection is given by the collection aS = {9^ + D, + D"-} of connections on 
Ly L, L*. Hence £«,? is constructed using F^.. + f^. — f d ■ But then we obtain a 

map ipg : Ea — > Eas defined by tpg\u. = e °< , which is an isomorphism of Courant 
algebroids because it intertwines the gluing maps with isomorphisms of the Courant 
structure, i.e. the following diagram commutes: 



e 'I 



TUi — '—^TUj 



fn 



e 1 



e '] ' 1 

Functoriality follows from the fact that if ^ = gig2 is the tensor product of local line 
bundles with connection then ipg = xpg^ xpg^ . Hence we obtain a well-defined Courant 
algebroid Eg associated to the 0-connection. 

Trivializing the line bundles L,-,- so that the gerbe is given by data gy^ G 0*(Jiy)t) 
and dij is given by connection 1-forms Ajj, we see that the gluing 2-forms for the 
Courant algebroid are simply rfA^; hence [E^] is indeed given by d[{G, d)] as in (1.14). 

A 1-connection B on (G,3) consists of 2-forms B, G Cf-{Ui) with Bj — Bi = £9, , data 

which determines a splitting sg of Ea — )■ TM defined by Sb|tu,(X) = X + ixBi G TUf. 

clearly e 'i o SsiTUi = Sb|tu on Ujj, rendering sg well-defined. The map B h^ sg is 
clearly a bijection, since isotropic splittings of TLT, — > TUj are simply graphs of 2- 
forms. The bijection is functorial because a change of local triviaUzation g = {L„ D,} 



11 



maps B = {B,} to BS = {B, — fo,}/ so that the following diagram commutes: 



Ea^^^TM 



^g 



id 



Eag ^^^ TM 

Finally, the graph of a 2-form in TM is involutive if and only if it is closed, hence the 
splitting Sg is involutive if and only if the gerbe is flat over TM. D 

Remark 1.11. A self-equivalence (i.e. gauge transformation) of a gerbe with 0-connection is 
given by tensoring by a global line bundle with connection {L,D). This does not affect the 
gerbe with 0-connection, but according to the above result, ipg need not be the identity map: 
indeed, in this case Fd defines a global closed (integral) 2-form, so that tpg is an automorphism 
ofE^ of the form xpg = e^°. 

Proposition 1.14 is stated for the smooth complexified tangent bundle or the holo- 
morphic tangent bundle. To obtain smooth real Courant algebroids, we equip the 
gerbe with a Hermitian structure [22] and require the 0-connection 9 to be unitary. We 
explain this in detail below. 

Definition 1.12. A Hermitian structure on the gerbe G defined by {L^, 0;y)t} is given 
by a family of Hermitian metrics h = {hij} on the complex line bundles L,^, such that 
9jji^ is unitary. A connection on G defined by { V,y, B,} is unitary when Vy are unitary 
connections (w^ith real curvatures, by convention) and B, are real. 

Two local trivializations of a Hermitian gerbe with unitary connection differ by lo- 
cal Hermitian line bundles {L„ hi, V,} with unitary connection; this acts on the gluing 
data as in (1.13), with the local Hermitian metrics hij mapped to hjjhihj . 

Corollary 1.13. To every unitary 0-connection V = {V,y} (over the real tangent bundle) on 
a Hermitian gerbe {G,h), there is a canonically associated real Courant algebroid Ey, with 
isomorphism class given by the map 

M^{ 0{U{l)y-^CL^^ ) A H^{d^^) = h3(M,K). (1.15) 

The correspondence between splittings and 1-connections is as before. 

Example 1.14. Let (G, h) be a holomorphic Hermitian gerbe. Then on each Hermitian 
holomorphic line bundle Ly, we have the unique Chern connection Vy. This defines 
a canonical unitary 0-connection V on G. By the corollary, we obtain a canonical real 
Courant algebroid Ey 

Of note in this example is the fact that the gluing maps e ^'' : TLZ; — > TUj defin- 
ing Ey intertwine the automorphisms 

^ ^ ' -.TUi — > TUj, 

Ui 
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J;— IQ _p 



where I : TM — > TM is the complex structure on the underlying manifold. In fact, 
the global operator J ; Ey — > Ey, defined by J\u. = J,, is a simple example of a 
generalized complex structure [25]; in this case it arises directly as a consequence of 
choosing a Hermitian structure on a holomorphic gerbe. 

Having the generalized complex structure J, a unitary 1-connection for (G, //, V) 
compatible with the holomorphic structure may be described as a section s of tt : 
£v — ^ TM which is complex-linear, i.e. J o s = s o J. As discussed in [23], there is 
not a distinguished unitary 1-connection. 

1.3 Gerbes and Dirac structures 

The Courant bracket was initially introduced [26] because, in a sense, it provides a 
unified source for many interesting Lie algebroids. Indeed, because the failure (1.1) 
of the bracket to be Lie is measured by the symmetric pairing, it follows that any 
subbundle D C E of a Courant algebroid which is isotropic and involutive inherits 
a Lie algebroid structure, by simply restricting the bracket and projection tc to the 
subbundle D. The examples which inspired Courant and Weinstein were those of a 
bivector field 7i G r(A'^rM) and a 2-form co G Q'^(M). Viewing these tensors as maps 
TM — > T*M and T*M — > TM respectively, their graphs T^ C TM, Fa, C TM 
are always isotropic; they are involutive if and only if n is Poisson and co is closed. 
An involutive isotropic subbundle is called a Dirac structure when it is maximally 
isotropic, but we shall encounter other, non-maximal examples. The remainder of this 
section is concerned with the question of how a gerbe with 0-connection (G, 9), giving 
rise to a Courant algebroid E^, is affected by the presence of an involutive isotropic 
subbundle D C E^. 

Theorem 1.15. Let Eg be the Courant algebroid associated to a gerbe with 0-connection 
(G,3). Given an involutive isotropic subbundle D C E^, the gerbe G obtains a canonical 
flat D-connection. 

Proof. The restriction oi n : Eq — > TM as well as the Courant bracket to D gives it 
the structure of a Lie algebroid, and by choosing a local trivialization for (G, 9), we 
immediately obtain a 0-connection 3^ over D by composition: 

To obtain the 1-connection B over D, write the inclusion D C Ea locally, as involutive 

p 

isotropic subbundles D, C TLZ, such that e '''iDi = Dj. Then consider the antisymmet- 
ric pairing on TLZ,: 

(X + ^,y + ;/)_:=l(^(y)-,7(X)). 

This restricts to D, and determines 2-forms B, G Cljj{Ui). The gluing condition e '''iDj = 
Dj implies that B, — Bj = 'Tlo^y = ^3P' so that {3?, B,} is indeed a D-connection. 
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We now check that the D-connection is independent of the local trivialization 
used to define it. In a local trivialization differing from the initial one by the lo- 
cal line bundles with connection g = {Lj,dj}, the 0-connection over D is given by 
^Ihi^ij + ^i + ^;*)' ^^^ the effect on Eg is via the isomorphism ipg, which sends D, 
to e "^'Di, so that the restriction of the antisymmetric pairing to D, yields B, + tz\'^F^.. 
The resulting expression for the D-connection is precisely that obtained by chang- 
ing the local trivialization of (G, 3^) by the local line bundles with D-connection 
g^ := {Lj, 711^3,}. The naturality of the map g <-^ g^ ensures that (G, 3^, B) is canon- 
ically defined. 

Finally the curving of the D-connection may be computed using a general prop- 
erty of the Courant bracket implicit in Theorem 2.3.6. of [27], namely that the restric- 
tion of (-,•)- to any isotropic integrable subbundle D, C TM is closed with respect to 
the algebroid differential. D 

We now show that the above theorem may be applied in order to endow a gerbe 
with a holomorphic structure, in such a way that the resulting holomorphic gerbe in- 
herits a holomorphic 0-connection. At the level of Courant algebroids, this becomes a 
reduction procedure as in [6], whereby a real Courant algebroid "reduces" to a holo- 
morphic one. 

Let (G, 3) be a gerbe with 0-connection, given by {Ly,3,y}, over a complex man- 
ifold X, and let Eg be the associated complex Courant algebroid. Note that G is not 
assumed to have a holomorphic structure; our first goal will be to endow G with such 
a structure. We will do this by choosing an involutive isotropic subbundle D C E^ 
such that n\D : D — > Tq^ is an isomorphism. In other words, D is a lifting of the 
anti-holomorphic tangent Lie algebroid Tq i to an involutive isotropic subbundle of 
Eg. This choice induces a holomorphic structure on G, by Theorem 1.15. 

Definition 1.16. Let £ be a complex Courant algebroid over a complex manifold X. 
A lifting of T04X to E is a isotropic, involutive subbundle D C E mapping isomorphi- 
cally to To,iX under n : E — >TX(g)C. 

The existence of a lifting for Tq iX as above will be controlled by an obstruction 
map which we now describe. Consider the short exact sequence of vertical complexes: 

n\^^nl'' — -0 

9 

^ C ^ Ox 

This gives the following excerpt from the long exact sequence: 

H^{n]f')^^H^XX)^^M\Ox^n\) (1-16) 
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Lemma 1.17. Let E be a complex Courant algebroid over the complex manifold X. There 
exists a lifting ofT^i to E if and only ifj{[E]) =0 in ¥P{Ox -^ ^x)- 

Proof. Choose an isotropic splitting s : TX — > E, which determines a 3-form H as 
in Equation (1.5), so that E is isomorphic as a Courant algebroid to TX Cg) C equipped 
with the Courant bracket twisted by H as in Equation (1.10); indeed [E] = [H] G 
H^{M, C). Then a general isotropic lifting of T^'^X is given by 

D^ {X + ix9 : X G T°'^X, 9 G n^'^(X) n°'2(X)}, 

and D is involutive if and only if {d9 — H)^^''^'^^^'^' = 0, or in other words 

Using the Dolbeault resolution of Ox -^ ^X' ^^ conclude that 9 exists if and only if 

7([H])=0. D 

Remark 1.18. A solution to equation (1.17) defines a cocycle H^'° + H^-^ + 30^'^ G Z^ {Ci]f^) 
(using the resolution (1.8)), since 

d{H^'° + H^'i + de^'^) = dH^'^ - dd9^'^ = dH^'^ + d{H^'^ + 30°'2) = 0. 

Furthermore, we may change the isotropic splitting s in the proof above by a global smooth 
2-form B, which sends H >-^ H — dB and modifies the lifting via i— > + B^'^ + B°'^. As 
a result, the cocycle condition (1.17) holds independently of the choices made. In this way, a 
lifting 0/T04X to E naturally induces a lifting of [E] G EP{M,C) to H^{C)}^ ) in the exact 
sequence (1.16). 

Remark 1.19. The map e in (1.16) is lifted to a natural operation on Courant algebroids 
in [28], where it is shown that any holomorphic Courant algebroid £ induces a smooth complex 
Courant algebroid structure on £ ® {Tq^iM © T^^M), called the companion matched pair of 
£. 

We see from (1.16) that if 7([H]) = 0, then [H] is in the image of a map from 
H^{Ci.^ ), which as we know from Proposition 1.3 is the space classifying holomor- 
phic Courant algebroids. Indeed, Lemma 1.17 and the above remark imply that a 
complex Courant algebroid with a lifting of To,iX gives rise to a natural holomorphic 
Courant algebroid, as we now show. 

Theorem 1.20. Let X be a complex manifold. A lifting D of Tq^X to a complex Courant 
algebroid E gives rise to a natural holomorphic Courant algebroid Eu on X. 

Proof. As in the proof of Lemma 1.17, an isotropic splitting s : TX — > E gives rise to 
a 3-form hg and an isomorphism of Courant algebroids s* : (E, [■, ■]) — > (TX, [■, ■]i,J. 
Using this splitting, the lifting D C E of Tq^X is given by a 2-form 9s G n^'i(X) 
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n'^''^(X). By the above remark, we also see that the S-form/Zs' +hs' +d6s' isacocycle 

and therefore defines a holomorphic Courant algebroid on Ti qX = Ti qX © T^qX via 

the construction in Example 1.4, taking the cocycle {T,H) in that example to be Tg = 

7 1 11 '^ n 

hs' + 36 s' and Hg = hs' . Finally, the equivariance described in the above remark 

proves that the induced holomorphic Courant algebroid structure on Eo — Ti qX 

varies functorially with the choices. D 

To obtain the holomorphic Courant algebroid described above in a more direct 
way, we use the reduction procedure for Courant algebroids described in [6]. The 
lifting D C £ of 1q;0^ defines an "extended action" of Tq^X on E, and we perform a 
generalization of the symplectic quotient construction for the Courant algebroid £, as 
follows. 

The reduction of E by D is given as an orthogonal bundle by Ed = D^ /D, where 
D^ is the orthogonal complement of D with respect to the symmetric pairing on E. 
Note that since D is a lifting of r^X, the kernel of n\^± is D^ n (T* ^ C) = T*oX, 
and therefore Ed = D-'-/D is an extension of the form 

^ ^1,0^ ^ Ed ^ T'l^o ^ . 

The holomorphic structure on Eq is a natural consequence of the general fact that 
the bundle D^/D inherits a flat connection over the Lie algebroid D: given s G 
r~(X, Ed), we define 

3xs:=[X,s] mod D, (1.18) 

where X G r'^(X, Tq^X), X is the unique lift of X to a section of D, and s is any lift 
of s to a section of D^. The Jacobi identity for the Courant bracket implies that it 
induces a Courant bracket on the holomorphic sections of Ed ■ In this way, we are able 
to describe the map 

H3(M,C) 3 [E] A [Eo] G Hi(n2'd(X)), 

w^ithout choosing splittings. Our final task in this section is to obtain the analogous 
result for C*-gerbes. 

Theorem 1.21. Eet (G, V) be a smooth C*-gerbe with 0-connection over a complex manifold 
X, and let D C Ey be a lifting ofT^^X to the complex Courant algebroid associated to V. 
Then G inherits a holomorphic structure. Furthermore, G inherits a canonical holomorphic 
0-connection d. 

Proof. By Theorem 1.15, the presence of D C Ey immediately endows G with a flat 
D-connection. Since D is isomorphic to Tq^X, the gerbe G is endow^ed with a holo- 
morphic structure by Theorem 1.9. What remains is to show G inherits a holomorphic 
0-connection. 
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Choose a local trivialization in which the gerbe with 0-connection is given by 
{Ljj, Qiji, Vij}, the Courant algebroid Ey is given as in Theorem 1.10, and D, = D|u^ is 
given by the graph of 0, G Cl^'^'^'^^^''^'{Ui), so that involutivity is the condition 

Since ¥^.. must glue D, to Dj, we have 

Refining the cover if necessary, choose oc = {a, G Cl^^''^'^^'^'^' {U\)} such that 

Changing the local trivialization by the local line bundles with connection ( LZ, x C, d + 
oci), the 0-connection has the expression V,y + a, — ocj, which has curvature of type 
(2,0). This defines a holomorphic gerbe with holomorphic 0-connection {Gci,da), 
which a priori depends on a. But tw^o choices a., oc' of potential for {di}, as above, give 
rise naturally to the local holomorphic line bundles L,- := (LT, x C, 9 + a',' — *,' ), 
w^ith holomorphic connections given by 9, ;= 9 + oc' ^' — oc-' . The local holomorphic 
line bundles with holomorphic connections (L„ 9,) then define an equivalence 

(L/,9,) : {Ga,da) > {Ga'^^ct')- 

The verification that the resulting holomorphic gerbe with 0-connection is indepen- 
dent of the choices made is similar to that in the proof of Theorem 1.9. D 

Remark 1.22. A 1-connection on a gerbe with 0-connection V is a maximal isotropic splitting 
of the Courant algebroid E^;for this reason we may view the lifting D d Ey of the Theorem 
as a partial 1-connection on the gerbe. 

Example 1.23. Consider the Hopf surface X from Example 1.5, viewed as an elliptic 
fibration over CP^ via the map (xi,X2) i— )• [xi : X2]. Choose affine charts {IIq,zo), 
(Ui,zi) for the base CP^, and write X as the gluing of {zq,Wq) E Uq x (C*/Z) to 
(zi,wi) G Ui X (CVZ) by the map 

{zo,wo) I — > (l/Zo,ZoWo)- 
On Uq n Ui we have the following real 2-form 



foi - 47? 



I / dzo A dwo dzQ A dwQ 



ZqWq ZqWq 



The only nonvanishing period of this 2-form is for the cycle S^ x S^ C C* x C*, which 
yields ^2{2ni){2ni) = 2n. Since Fqi is integral, w^e may "prequantize" it, viewing 
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it as the curvature of a Hermitian line bundle (Lqi, hoi, Voi) with unitary connection 
Vol . This defines the structure of a Hermitian gerbe with 0-connection V over X, such 
that the associated Courant algebroid Ey is precisely that from Example 1.6. 

To describe a lifting of Tq iX to the Courant algebroid Ev/ if is convenient to choose 
a 1-connection 

Bi = ^ {dKi A a log iVj + dKi A a log zD,), 

where Kj = log(l + z,z,) are the usual Kahler potentials for the Fubini-Study metric 
on CP^. Computing the global real 3-form H = dBi, we obtain the (1, 2) + (2, l)-form 

H = ^dd'^Ki A d'^\og{wiWi). 

Observe that H = d'^co, for the (1, l)-form 

a; = 4^(3^0 A91oga;-aXo Aaiogw), (1.19) 

w^ith the significance that H^'^ = d{ico), which is precisely the condition (1.17) that 
ico defines a lifting of Tq^X. As a consequence of choosing co, we obtain a canonical 
holomorphic structure on the gerbe, as follows. Returning to the Cech description, 
the lifting defined by co is described by the local forms 

Oi = Bf^ - icv\ur 

Our open cover is such that O^ ' is 3-exact, namely 

0°'' = 3(4^K,A31ogrDO. 

Following Theorem 1.21, we perform a gauge transformation by fl = {a, = |^K,dlog(w,a),)}; 
the new unitary connection Vq^ = Vqi + Aq — ^i has curvature of type (1, 1) given by 

^ ( dzfj A dwQ dzQ A dwQ 

so that Vq ^ is indeed a holomorphic structure on the gerbe. After the gauge transfor- 
mation, the lifting is described by 

0« = e, - (dfl,)^'''^+*°''^ = 2^9^.- A 31ogry,-. 

While 6" is 3-closed, it is not exact; therefore, to explicitly describe the holomorphic 
0-connection on the gerbe we would need to refine the cover. Nevertheless, the asso- 
ciated holomorphic Courant algebroid may be easily constructed; by the prescription 
in Theorem 1.20, it is given by the following holomorphic (2, 0)-form: 

^oi = (B?'° + 9fll'°-B^'°-3flS'°) 
= 2^(zoWo)"^dzo Adjo- 
in this way, we recover the holomorphic Courant algebroid studied in Example 1.5. 
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2 Generalized Kahler geometry 

In Kahler geometry, a complex structure I is required to be compatible with a Rieman- 
nian metric g in such a way that the 2-form co = gl defines a symplectic structure. The 
introduction of a Riemannian metric may be thought of as a reduction of structure for 
TM; the complex structure provides a GL{n, C) structure which is then reduced by g 
to the compact Lie group U{n). 

A generalized complex structure on a real Courant algebroid E reduces the usual 
orthogonal structure 0{{n,n),]R) of this bundle to the split unitary group U{n,n). 
Generalized Kahler geometry may be viewed as an integrable reduction of this struc- 
ture to its maximal compact subgroup U{n) x U{n), by the choice of a compatible 
generalized metric. 

2.1 Generalized complex and Dirac geometry 

Let (£, n, q, [■, •]) be an exact real Courant algebroid over the smooth manifold M. 

Definition 2.1. A generalized complex structure J is an orthogonal bundle endomor- 
phism of E, such that J^ = — 1, and whose +/ eigenbundle L C £ (8) C is involutive. 

The endomorphism J may preserve the subbundle T*M C E, as we saw in Ex- 
ample 1.14, in which case it induces a complex structure on the underlying manifold. 
Note, however, that J is not required to preserve the structure of E as an extension; 
indeed J(T*M) may be disjoint from T*M, in which case J(T*M) provides a splitting 
of 7r : E — > TM with isotropic and involutive image, and therefore an isomorphism 
E = TM, with J necessarily of the form 

I" - (: -V) ■ <"' 

for CO : TM — > T*M a symplectic form. In general, J(r*M) is a maximal isotropic, 
involutive subbundle (a Dirac structure) whose intersection with T*M may vary over 
the manifold. Indeed, Q = tt oJIj*^ : T*M — > TM is a real Poisson structure 
controlling the local behaviour of the geometry, in the sense that near a regular point 
of Q, J is isomorphic to the product of a complex and a symplectic structure [25]. 

Example 2.2. A particularly illustrative example of a generalized complex structure is 
furnished by a holomorphic Poisson structure c on a complex manifold (M, I). This is 
given by a holomorphic bivector field a with vanishing Schouten bracket [a, a] . Such 
a Poisson structure determines the following generalized complex structure on the 
standard Courant algebroid E = TM: 

J- •= (o ^i*) ' (2.2) 
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where Q is the imaginary part of c = P + iQ. The peculiar aspect of the generalized 
complex structure J(t is that the complex structure obtained from its action on TM C 
TM is not intrinsic. Indeed, a symmetry of the Courant algebroid, such as is given by 
a closed 2-form B e Cf-''^^{M), conjugates (2.2) into 

■"'" \I*B + BI-BQB BQ-I* 

In fact, in [11] it is shown that in some cases, B may be chosen so that I*B + BI — 
BQB vanishes, rendering e^^g-s^^ again into the form (2.2), but for a different complex 
structure J = I — QB. For example, this relation exists between the second Hirzebruch 
surface F2 and CP^ x CP^, which support holomorphic Poisson structures that are 
isomorphic as generalized complex structures. 

The ±/ eigenbundles L,L C £ (^ C of a generalized complex structure define two 
Dirac structures which are transverse, in the sense LCiL = {0}. In such a situation, as 
shown in [13], the two Lie algebroids defined by L, L enjoy a compatibility condition, 
making them into a Lie bialgebroid. Identifying L with L* using the symmetric pair- 
ing, this means that the Lie bracket on L may be extended to a Schouten bracket on 
the sheaf of graded algebras Q* = r~(A*^L*), and that the Lie algebroid differential 
di on this algebra is a graded derivation of the bracket. In summary, we obtain a sheaf 
of differential graded Lie algebras from the transverse Dirac structures {L,L). 

{L,L)^{ni,di,[-r]) 

In [25], it is shown that the above differential graded Lie algebra is elliptic, so that on 
a compact manifold, it has finite-dimensional cohomology groups H*. Furthermore, 
it controls the deformation problem for generalized complex structures, so that the 
vanishing of an obstruction map 

ensures a smooth local moduli space modeled on H^. 

A pair of transverse Dirac structures, as {L,L) above, enjoy a further transversality 
property, which we now describe. We first recall the Baer sum operation on Courant 
algebroids [20, 19, 25], which is a realization of the additive structure on H^(Q^''^^). 

Definition 2.3. Given two Courant algebroids £1, £2 on M with projections tt, : £, 1— )■ 
TM, their Baer sum as extensions of TM by T*M, namely the bundle 

£iK£2:=(£ieTME2)/K 

for K = {( — TTj^, 772^) : ^ S T*}, carries a natural Courant algebroid structure, de- 
fined componentwise. 
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The standard Courant algebroid on TM is the identity element for the Baer sum, 
and the inverse of a Courant algebroid (E, n, q, [■, ■]), called the transpose E^ , is given 
simply by reversing the symmetric inner product: E^ = {E,n,—q, [■,■]). The Baer 
sum operation may also be applied to Dirac structures, as explained in [29, 25]: 

Proposition 2.4. If Di C £i and D^ C £2 ^^^ Dime structures which are transverse over 
TM, in the sense that 7ri(Di) + 712(02) = TM, then their Baer sum 

D,SD2:=i^l^™M±^, 

for K as in Definition 2.3, is a Dirac structure in £1 Kl £2. 

A pair of Dirac structures Di, D2 such that Di n D2 = {0} are transverse in the 
above sense, and we may form their Baer sum DJ K! D2 C TM, where DJ is simply 
Di viewed as a Dirac structure in £^. From observations made in [30], it follows that 
this Baer sum is given by 

DjmD2 = TfiC TM, (2.3) 

where T^ is the graph of a Poisson structure jS (see [29] for a proof). Recall that, as 
a Lie algebroid, F^ = T*M has bracket given by ldf,dg] = d{l5{df,dg)), and anchor 
map /5 : T*M — > TM. The Poisson structure j6 may also be described in the foUow^ing 
way: let Pd, '■ £ — > Di be the projection operators for the direct sum £ = Di © D2. 
Then j6 is given by 

^ = TT o Pd J r*M : T*M ^ TM. (2.4) 

The geometry induced by such a pair of transverse Dirac structures (Di, D2) in £ may 
be understood in the following way: by projection to TM, Di and D2 each induce 
singular foliations Ti,J-^2 on the manifold M. The trans versality condition on the D, 
implies that the induced foliations are transverse, in the sense TTi + TJ-2 = TM. As 
shown in [25], the exact Courant algebroid £ may be pulled back to any submanifold 
I : S "-^ M, yielding an exact Courant algebroid over S, defined by 

Es:=K^/K, (2.5) 

where K = N*S C £|s is the conormal bundle of S. If S happens to be a leaf of the 
singular foliation T induced by a Dirac structure D C £, then the Dirac structure also 
pulls back, yielding an isotropic, involutive splitting So of tt : £5 — > TS. Therefore, 
in the presence of two transverse Dirac structures (Di, D2), if w^e pull back £ to a leaf S 
of the singular foliation induced by DJ KI D2, it will have two splittings Sdi,sd2, each 
obtained from one of the Dirac structures. The resulting splittings are themselves 
transverse in £5, and therefore they differ by a section a;s G Q^''^'(S) which must 
be nondegenerate. This is precisely the symplectic form on the leaf of the Poisson 
structure /5. 

Finally, we wish to emphasize an algebraic implication of the Baer sum identity 
described above. 
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Proposition 2.5. Let Di, D2 C E be Dirac structures such that Di n D2 = {0}. Then the 
Baer sum Dj MD2 — T^, coincides with the fiber product of the Lie algebroids Di, D2 over 
TM. As a result, we have the isomorphism of sheaves of differential graded algebras 

{A'rM,dfi) = (Odi^^dJ ®n- (n^^^doj, (2.6) 

where {A'TM,d^ = [j6, •]) is the Lichnerowicz complex^ of sheaves of multivector fields in- 
duced by the Schouten bracket with the Poisson structure /3, and the anchor maps tzj : D, — > 
TM induce the morphisms n* : O* — > d^^from the usual de Rham complex of M, which 
are used in the tensor product. 

Proof This follows from the simple observation that i<C = {( — tt^^, tt^^) : ^ e T*M} 
intersects Di (Btm ^2 = {{<^if<^2) G Di © D2 : TCi{di) = 712(^2)} precisely in Di n 
D2 n T*M, which vanishes since Di n D2 = {0}. In this way, DJ M D2 coincides, as a 
Lie algebroid, with the fiber product of Di,D2 as Lie algebroids, yielding the diagram 
of Lie algebroids 

Lfl ^D2 



Di ^TM 

w^hich dualizes to the fact that the Lichnerowicz complex is given by the (graded) 
tensor product (2.6). D 

This is of particular importance when studying modules over the Lie algebroids 
Di or D2, i.e. vector bundles (or sheaves of OM-rnodules) with flat D /-connections as 
in Definition 1.7. 

Corollary 2.6. For a pair of transverse Dirac structures (Di, D2), the tensor product of a 
Di-module and a D2-module is a I ^-module, i.e. a Poisson module [31, 32]. In particular, any 
Di-module is also a Poisson modide. 

In the case of a generalized complex structure, we have the transverse Dirac struc- 
tures {L,L), and it was shown in [25] that their Baer sum is 

L^ K I = r,Q/2 C TM, (2.7) 

for the Poisson structure Q — n o Jljt^d described earlier. A vector bundle with a flat 
L-connection on a generalized complex manifold is called a generalized holomorphic 
bundle [25], hence we have the foUow^ing consequence of the above Baer sum: 

Corollary 2.7. Any generalized holomorphic bundle inherits a Poisson module structure, for 
the underlying real Poisson structure. 



■'The hypercohomology of this complex is the well-known Poisson cohomology of /3. 
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2.2 Generalized Kahler structures 

Let {E, TT, q, [■, •]) be an exact real Courant algebroid over the smooth manifold M. 

Definition 2.8. A generalized Kahler structure on £ is a pair (J+/ J-) of generalized 
complex structures on E which commute, i.e. J+J- = J-J+/ and such that the sym- 
metric pairing 

G{x,y) := (J+xJ_y) (2.8) 

is positive-definite, defining a metric on E called the generalized Kahler metric. 

A usual Kahler structure on a manifold is given by a complex structure I compat- 
ible with a Riemannian metric g, in the sense that co := gl is a symplectic form. This 
defines the following generalized Kahler structure on TM = TM (BT*M: 

so that G(X + ^,y + //) = l{g{X,Y) + g''^{^,fj)) is the usual Kahler metric. The 
generalized Kahler metric (2.8) is an example of a generalized metric, which may be 
viewed as a reduction of structure for the Courant algebroid E, from its usual 0{n,n) 
structure to the compact form 0{n) x 0{n). 

Definition 2.9. A generalized metric G on E is a positive-definite metric on E which 
is compatible with the pre-existing symmetric pairing (•,■), in the sense that it is ob- 
tained by choosing a maximal positive-definite subbundle C+ C E (with orthogonal 
complement C_ := C^), and defining 

G{x,y) := (x+,y+) - (x_,y_), 

where x± denotes the orthogonal projection to C±. 

Identifying E with E* using (•, ■), we may view G as a self-adjoint endomorphism 
G : E — > E, with ±1 eigenbundle given by C±. For a generalized Kahler structure, 
G = — J+J-, so that for (2.9), G is given by 

G~(^ S'' 

Example 2.10. Any positive-definite subbundle C+ C TM is the graph of a bundle 
map 9 : TM — > T*M with positive-definite symmetric part. That is, 6 = b + g, 
with b G n^(M) and g a Riemannian metric. Then C± is the graph oi b ± g. The 
corresponding endomorphism G : E — > E is then described by 

J fO g-'\ „-, _ ( -g-'b -1 



Gg,b-e U J' ~{g-bg-'b bg-' 

Note that the induced Riemannian metric on TM C TM is ^ — bg^^b, while the metric 
on T*M is the usual inverse metric of g. 
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An immediate consequence of the choice of generalized metric on E is that the 
projection n : E — > TM obtains two splittings s± corresponding to the two sub- 
bundles C±, simply because the definite bundles C± intersect the isotropic subbundle 
T*M C E trivially. The average of these splittings, s = ^ (s+ + s_ ), is then a splitting of 
TT with isotropic image G(T*M). The splitting induces an isomorphism s* : E — > TM 
w^hich sends the definite subbundles C± to the graphs T±g, for g a Riemannian metric 
on M. In summary, we have the following: 

Proposition 2.11. The choice of a generalized metric G on E is equivalent to a choice of 
isotropic splitting s : TM — > E, together with a Riemannian metric g on M, such that 

C± = {s{X)±g{X) : X G TM}. (2.10) 

As a result of the splitting s determined by the generalized metric, we immediately 
obtain a closed 3-form H G Q'^''^^(M, R), as in (1.5), w^hich twists the Courant bracket 
on TM as in (1.10), so that s induces an isomorphism of Courant algebroids s* : E — > 

(TM,[-,-]h). 

Definition 2.12. The torsion of a generalized metric G on the Courant algebroid E is 
the 3-form H corresponding to the splitting of E defined by G(r*M). 

Corollary 2.13. If E is the Courant algebroid obtained from a Hermitian gerbe with unitary 
connection, a choice of generalized metric induces a 1-connection with curvature given by the 
torsion H of the generalized metric. 

We wish to describe the geometric structures induced on M by the generalized 
Kahler pair (J+, J-). First, w^e leave aside questions of integrability and describe al- 
most generalized Kahler structures, which are generalized Kahler structures without 
the Courant involutivity conditions on ][_|_ and J-. 

An almost generalized complex structure J+ is compatible with the generalized 
metric G when it preserves C+ (and hence, necessarily, C_), or equivalently, when it 
commutes with G. This compatibility is also equivalent to the fact that J_ := GJ+ is 
an almost generalized complex structure. Since C± are the ±1 eigenbundles of G, we 
have 

I+|c± = ±I_|c±, (2.11) 

and so the complex structures on the bundles C± induced by J+, J- coincide up to 
sign. Using the identifications of metric bundles 

s±:(rM,^)^(C±,±(-,-)), 

we obtain two almost complex structures /+, I_ on the manifold M, each of w^hich 
is compatible with the Riemannian metric g, hence forming an almost bi-Hermitian 
structure. We now show that the correspondence (J+, J-) i— > {g, l+, 1-) is an equiva- 
lence. 
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Theorem 2.14. An almost generalized Kahler structure (J+, J-) on E is equivalent to the 
data {s,g, 7+, 7_), where s is an isotropic splitting ofE, g is a Riemannian metric, and I± are 
almost complex structures compatible with g. 

Proof. We have already explained how to extract {s,g,I±) from (J+,J-). To recon- 
struct (J+/ J-) from the bi-Hermitian data, we construct definite splittings s± via 

s±:=s + g:TM — > E, 

following Equation (2.10), and use the fact that J+, J- are built from the complex struc- 
tures I± by transporting them to C± and using Equation (2.11): 

J± :=s+;+s+|c^i±s_I_s_|c\ (2.12) 

which expands to the expression: 



where s* : E — > TM is the isomorphism induced by s, and co± := gl± are the 
nondegenerate 2-f orms determined by the almost Hermitian structures {g, I± ) . The 
two constructions are easily seen to be mutually inverse. D 

Before proceeding to translate the integrability condition from the generalized 
complex structures to the bi-Hermitian data, we make some comments concerning 
orientation. 

Remark 2.15. The type [25] of a generalized complex structure ^ at a point is defined to be 

type(J) := 2Corank]R(Q), 

where Q = tt o J| j» is the real Poisson structure associated to J. On a real In-manifold, the 
type may vary between 0, where J defines a symplectic structure, and n, where it defines a 
complex structure. The parity of the type, however, is locally constant, as it is determined by 
the orientation induced by]onE (detE is canonically trivial and ^ det J = +1 or —1 as 
type(J) is even or odd, respectively). If we have an almost generalized Kahler structure on a 
real In-manifold, the equation G = — J+J- yields 

detj+detj_ =detG = (-1)", 

Implying that J+ and J_ must have equal parity in real dimension 4k and unequal parity in 
real dimension 4k + 2. Furthermore, by Equation (2.12), the parity 0/J+ is even or odd as 
the orientations induced by I± agree or disagree, respectively. This leads immediately to the 
fact that in real dimension 4k, both J± may either have even parity, in which case I± induce 
the same orientation, or odd parity, in which case I± induce opposite orientations on M. In 
dimension 4k + 2, hoivever, there is no constraint placed on the orientations of I±, since 7+ 
may be replaced with —7+ without altering the parity o/]f±- 

Example 2.16. If dimR M = 4, an almost generalized Kahler structure may either have 
type(J+) = type(J_) = 1, in which case I± induce opposite orientations, or J-t both 
have even type, in which case I± must induce the same orienation on M. 
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2.3 Integrability and bi-Hermitian geometry 

Let {s,g, I±) be the almost bi-Hermitian data corresponding to an almost generalized 
Kahler structure J±, as in Theorem 2.14. In this section, we describe the integrability 
conditions on {s,g, I±) corresponding to the integrability of J+ and J_. 

Recall that the integrability condition for J± is that the +f-eigenbundles L± = 
ker(J± — il) are involutive for the Courant bracket on E (8) C Since J± commute, the 
eigenbundle of J+ decomposes into eigenbundles of ]J_, so that 

L+ = £+e£_, (2.14) 

where £+ = L+ n L_ and £_ = L+ fl L_. Since G = — J+JJ- has eigenvalue +1 on 
^+ © ?+, we also have 

C±(^C = e±eI±. (2.15) 

As a result, w^e obtain a decomposition of the Courant algebroid into four isotropic 
subbundles, each of complex dimension n on a real 2M-manifold: 

EOC = £+©£_©:£+©£_. (2.16) 

Since i± are intersections of involutive subbundles, they are individually involutive. 
This is actually an equivalent characterization of the integrability condition on J±. 

Proposition 2.17. The almost generalized Kahler structures ^± are integrable if and only if 
both the subbundles i± described above are involutive. 

Proof. That the integrability of J± implies the involutivity of l± is explained above. 
Now let (.± be involutive. We must show that L+ = £+ © £_ and !_=£+© J_ are 
involutive. To prove that L+ is involutive, we need only show that if x± is a section 
of t±, then [x_|_, x_] is a section of L+. We do this by showing [x^, xJ\ is orthogonal to 
both £+, £-, and hence must lie in £^ n £^ = (£+ © £_)^ = L^ = L+, where we have 
used the fact that L_|_ is maximal isotropic. For y± any section of l± we have: 

([x+,x_],i/+) = 7r(x+)(x_,y+) - (x_, [x+,y+]) = 0, 

([x+,x_],t/_) = -([x_,x+],y_) = 7r(x_)(x+,y_) - {x+, [x_,y_]) = 0, 

hence [x+, x_] is in L+, as required. L_ is shown to be involutive in the same way. D 

To understand what this integrability condition imposes on the bi-Hermitian data, 
we use Theorem 2.14 to express the bundles l± purely in terms of the data {s,g, l±). 
By (2.14) and (2.15), we see that l± is the +z eigenbundle of J+ acting on C± ® C Since 
the almost complex structures 1± are defined via the restriction of J+ to C±, we obtain: 

i± = {{s±g)X ■ XGTi'°M}, (2.17) 
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where Tj^ M is the +i eigenbundle of the almost complex structure I±. Using the 
2-forms co± = gl±, we obtain a more useful form of Equation (2.17): 

e^ = {sXTicv±X : X G TJl^M} 

= e^"^±s(Ti'°M), (2.18) 

where e^"^* acts on x G E via x h^ x + i„(^.^){^ico±). 

Theorem 2.18. Let (J+, J-) be an almost generalized Kahler structure, described equiva- 
lently by the almost bi-Hermitian data {s,g,I^,I^) as above. (J+,J-) is integrable if and 
only if I± are integrable complex structures on M, and the following constraint holds: 

± d%co± = H, (2.19) 

where H G n^''^^(M, R) is the closed 3-form corresponding to the section s via Equation (1.5), 
and djz = i{d± — d±) are the real Dolbeault operators corresponding to the complex structures 
I±. 

Proof. Using expression (2.18) for i±, let e'F"''±s(X), e^"^±s(y) be two sections of £±, 
where X, Y are vector fields in T^ M. Then the properties of the Courant bracket and 
the definition of H from Equation (1.5) yield 

[eT''^±s(X),e^''^±s(y)] = £'T'^±[s(X),s(y)] +zyfxd(Ti^±) 

= eT'^±(s([X,y]) + ixiyH) + iYixd{Tico±) 
= e^'^±s([X,y]) +fx/Y(H±fda;±). 

This is again a section of £± if and only if [X, y] is in TJl^M and (H ± zda;±)(3'0)+(24) 
vanishes. The first condition is precisely the integr ability of the complex structures 
I±, and in this case since co± is of type (1,1) with respect to I±, dco has no (3,0) 
component. The second condition is then the statement that 

H^'i = zfidco±, 

which together with its complex conjugate yields H — ±d'i^co±, as required. D 

The above theorem demonstrates that generalized Kahler geometry, involving a 
pair of commuting generalized complex structures, may be viewed classically as a bi- 
Hermitian geometry, in which the pair of usual complex structures need not commute, 
and with an additional constraint involving the torsion 3-form H. This bi-Hermitian 
geometry is known in the physics literature: Gates, Hull, and Rocek showed in [1] 
that upon imposing N = (2, 2) supersymmetry, the geometry induced on the target 
of a 2-dimensional sigma model is precisely this one. 

Corollary 2.19. If the torsion Hofa compact generalized Kahler manifold has nonvanishing 
cohomology class in H'^(M,R), then the complex structures I± must both fail to satisfy the 
dd'^^-lemma; in particular, they do not admit Kahler metrics and are not algebraic varieties. 
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Proof. Suppose 7+ satisfies the dd'^-lemma. Then since H = d'^co^ and dH = 0, we 
conclude there exists fl+ G n^(M,]R) with H = dd'^_^_a^, implying H is exact in either 
case, as required. The same argument holds for J_. D 

2.4 Examples of generalized Kahler manifolds 

The main examples of generalized Kahler manifolds in the literature were constructed 
in several different ways: by imposing symmetry [5], by a generalized Kahler reduc- 
tion procedure analogous to symplectic reduction [6, 33, 7], by recourse to twistor- 
theoretic results on surfaces [34, 35], by a flow construction using the underlying real 
Poisson geometry [9, 11], and by developing a deformation theory for generalized 
Kahler structures [10, 36, 12, 37] whereby one may deform usual Kahler structures 
into generalized ones. We elaborate on some illustrative examples from [2]. 

Example 2.20. Let {M,g,I,},K) be a hyper-Kahler structure. Then clearly {g,I,}) is 
a bi-Hermitian structure, and since dcoi = dcoj = 0, we see that {g, I, }) defines a 
generalized Kahler structure for the standard Courant structure on TM. From for- 
mula (2.13), we reconstruct the generalized complex structures: 

Note that that (2.20) describes two generalized complex structures of symplectic type, 
a fact made manifest via the following expression: 



^ \cviTcoj ; 

The same observation holds for any tw^o non-opposite complex structures Ji, h in the 
2-sphere of hyper-Kahler complex structures, namely that the bi-Hermitian structure 
given by {g, Ji, Ii) defines a generalized Kahler structure where both generalized com- 
plex structures are of symplectic type. 

The bi-Hermitian structure obtained from a hyperkahler structure is an example 
of a strongly bi-Hermitian structure in the sense of [34], i.e. a bi-Hermitian structure 
such that 7+ is nowhere equal to ±7_. From expression (2.13), it is clear that in 4 
dimensions, strongly bi-Hermitian structures with equal orientation correspond ex- 
actly to generalized Kahler structures where both generalized complex structures are 
of symplectic type. 

Example 2.21. The generalized Kahler structure described in Example 2.20 can be 
deformed using a method similar to that described in [11]. The complex 2-form dj = 
CO J + icoK on a hyper-Kahler structure is a holomorphic symplectic form w^ith respect 
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to I, and similarly aj = —cvi + icoK is holomorphic symplectic with respect to /. As in 
Equation (2.2), these define generalized complex structures on TM given by: 



Interestingly, the symmetry e^ , for the closed 2-form F — coi + cvj, takes Jcr, to Jer^, so 
that 

Now choose / G C~(M, R) and let Xf be its Hamiltonian vector field for the Poisson 
structure cv^^- Let cpt be the flow generated by this vector field, and define 



Ffif)--= f f:idd'jf)ds. 
Jo ' 



In [11], it is shown that the symmetry e^' takes J^tj to the deformed generalized com- 
plex structure 



J 



Jt ^/' 

"It \ -/; I ' 



'K 



where Jt = ftiJ)' ^^^ that as a result, I and }t give a family of generalized Kahler 
structures with respect to the deformed metric 

^, = -l(f + f,(/))(^ + /f). 

w^here ^o = "2^(^ + 7) is the original hyper-Kahler metric. 

The idea of deforming a Hyperkahler structure to obtain a bi-Hermitian structure 
appeared, with a different formulation, in [34] (see also [5]), where it is shown for 
surfaces that the Hamiltonian vector field can be chosen so that the resulting deformed 
metric is not anti-self-dual, and hence by a result in [38], cannot admit more than two 
distinct orthogonal complex structures. 

Example 2.22 (The Hopf surface: odd generalized Kahler). Let X be the standard 
Hopf surface from Example 1.5, and denote its complex structure by 7_. The product 
metric on S^ x S^ can be written as follows: 

8 = T^ {dxidxi + dx2dx2), (2.22) 

for R^ = XiXi + x^x^. The complex structure 7_ is manifestly Hermitian for this metric, 
with associated 2-form a;_ = gl- given by: 

CO- = j^{dx\ A dxx + dxx A dx^), 

and its complex derivative H = — d'^o'- is a real closed 3-form on X generating 

H3(X,Z). 
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Now let 7+ be the complex structure on the Hopf surface obtained by modifying 
the complex structure on C^ such that (xi, X2) are holomorphic coordinates; note that 
I± have opposite orientations, and are both Hermitian with respect to g. Also, it is 
clear that d'^_^co^ = —d^_cv_ = H. Therefore, the bi-Hermitian data {g,l±) defines 
a generalized Kahler structure on (TX, H), the standard Courant algebroid twisted 
by H. Since l± induce opposite orientations, the corresponding generalized complex 
structures J± are both of odd type, by Example 2.16. Note that the complex struc- 
tures l± happen to commute, a special case studied in [35]. This particular general- 
ized Kahler geometry first appeared in the context of a supersymmetric SLZ(2) x U{\) 
Wess-Zumino-Witten model [39]. 

Example 2.23 (The Hopf surface: even generalized Kahler). Let {g, 7_ ) be the standard 
Hermitian structure on the Hopf surface, as in Example 2.22. We specify a different 
complex structure 7+ by providing a generator 0+ G Q^ (X), namely: 

Q+ := -^{xidxi + X2dx2) A {xidx2 — X2dxi). (2.23) 

Comparing this with the usual complex structure, where the generator is given by 
n_ = ^dx\ A dx2, we see that 7+ coincides with 7_ along the curve E2 = {^2 = 0}, 
and coincides with — 7_ along £1 = {xi = 0}. From the expression (2.23), we see that 
n+ spans an isotropic plane for the metric (2.22), hence {g, 7+) is also Hermitian, with 
associated 2-form 

wth di = x\dxi + X2dx2 and 62 = Xidx2 — X2dx\. This 2-form also satisfies d'^_^co^ = 77, 
so that {g, I±) is an even generalized Kahler structure for (TX, 77). From the explicit 
formulae (2.13) for J-t, we see that their real Poisson structures are given by 

Q± = -i(a;;i T cvz') = i(7+ T I-)g-'. (2.24) 

Hence Q+ drops rank from 4 to along £2, and Q- drops rank similarly on Ei. In 
other words, J± are generically of symplectic type but each undergoes type change to 
complex type along one of the curves. 

The existence of generalized Kahler structures with nonzero torsion class on the 
Hopf surface implies, by Corollary 2.19, the well-known fact that the Hopf surface is 
non-algebraic. It is natural to ask whether the Hopf surface might admit generalized 
Kahler structures with vanishing torsion class. We now show that this is not the case. 

Proposition 2.24. Any generalized Kahler structure with 7+ given by the Hopf surface X = 
(C^ — {0})/(x I— > 2x) must have nonvanishing torsion [77] G 77'^(X,R). 

Proof. The Hopf surface has h^'^ = 1, generated by the (2, 1) component of the stan- 
dard volume form v of S^ , which satisfies [v^'^] = [v^'^] = ■^[v] in de Rham coho- 
mology. Suppose that X were the 7+ complex structure in a generalized Kahler struc- 
ture with torsion 77. By the generalized Kahler condition, 77^'^ = —id+co^, and so 
dH^'i = -id+d+co+ = 0. 

30 



We claim that H^'^ must be nonzero in Dolbeault cohomology. If not, we would 
have 9+a;+ = 3+t, for t G Q^'°(X). Now let E = {xi = 0}, a null-homologous 
holomorphic curve in X, and let D be a smooth 3-chain with dD — E. Then 

/ a;+ = / dco+ = / d(T + t) = / (r + t), 
JE JD JD Je 

which is a contradiction because a;+ is a positive (1/1) form, forcing the left hand side 
to be nonzero, while T is of type (2, 0) and vanishes on E. 

Because h^'^ = 1, there must exist a G 0^'° such that H^'^ = cv^'^ + da, with 
c G C*, and since 9cr = da, we have [H-^'^] = c[v^'^] in de Rham cohomology. But 

[H^'i] = 1[H], since H^'i - H^'^ = -/da;+. Hence [H] 7^ in H^{M,R). D 

Example 2.25 (Even-dimensional real Lie groups). It has been known since the work 
of Samelson and Wang [40], [41] that any even-dimensional real Lie group G admits 
left- and right-invariant complex structures Jl,Jr- If the group admits a bi-invariant 
positive-definite inner product b{-,-), the complex structures can be chosen to be Her- 
mitian with respect to b. The bi-Hermitian structure {b,Ji,}R) is then a generalized 
Kahler structure on (TG, H), where H is the Cartan 3-form associated to b, defined by 
H(X, y, Z) = b{[X,Y],Z). To see this, we compute dj^cvj^: 

A = dlcoj^{X,Y,Z) = dcoj^{hX,hY,hZ) 

= -b{[hX,hY],Z)+c.p. 
= -b{h[JiX,Y]+Ji[X,jLY] + [X,Y],Z)+c.p. 
= {2b{[hX,hY],Z) + c.p.) -3H{X,Y,Z) 
= -2A-3H{X,Y,Z), 

Proving that d'i cojj^ = —H. Since the right Lie algebra is anti-isomorphic to the left, 
the same calculation with /r yields d'j coj^^ = H, and finally we have 



-dj^coj^ = dj^caj^ = H, 

as required. For G = SU{2) x U{1), we recover Example 2.23 from this construction. 
Note that ]l, Jr are isomorphic as complex manifolds, via the inversion on the group. 

3 Holomorphic Dirac geometry 

In the previous section, we saw that a generalized Kahler structure on M gives rise to 
a pair of complex manifolds X± = (M, I±) with the same underlying smooth man- 
ifold. In this section, we apply the results of Section 1.3 to Courant algebroids (and 
their prequantum gerbes) carrying generalized Kahler structures, shedding light on 
the relationship between the complex manifolds X± . Although there is no morphism 
between X+ and X_ in the holomorphic category, we show that X± are each equipped 
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with holomorphic Courant algebroids which decompose as a sum of transverse holo- 
morphic Dirac structures, and that the Dirac structures on X+ are Morita equivalent to 
those on X_ . This provides a holomorphic interpretation to the deformation theory of 
generalized complex structures, as well as to the notion of a generalized holomorphic 
bundle. 

3.1 Holomorphic reduction 

Our main tool will be the decomposition (2.16) of the Courant algebroid induced by 
the generalized Kahler structure: 

The bundles l± satisfy Definition 1.16, since they are involutive isotropic liftings of 
the antiholomorphic tangent bundles of the two complex structures l±. Theorem 1.20 
immediately yields the following. 

Proposition 3.1. The bundles 1± are liftings ofTQiX± to E^C, hence define two reductions 
ofE^Cto holomorphic Courant algebroids £± over the complex manifolds X±. 

{E(g)C,M) (3.1) 

I_ / ^ ^ ■- ?+ 

(5_,x4 t.?+.x+) 

Furthermore, the isomorphism class [£±] is given by the (2, 1) component (with respect to I±) 
of the torsion of the generalized Kahler metric: 

[<S±] = [2H(2'1)±] GHi(X±;n2'd). 

Proof. The existence of the reductions follows from Theorem 1.20, as explained above. 
To compute the isomorphism classes, we w^rite the lifting l± explicitly using Equa- 
tion (2.18), namely l± = e^"^±s(TioX±), and use the explicit form for the cocycle 
given in Remark 1.18, yielding 

[£:±] = [H(2'i)±+3(^fa;±)]. 

Since H^^'^^* = ^idco± from (2.19), we obtain the required cocycle 2H(^'^)±. D 

Remark 3.2. To obtain a more explicit expression for £±, we may use the canonical splitting 
s given by the generalized Kahler metric to (smoothly) split the sequence 

^ Ti,o^± *- £± *- Ti,o^± *- , 
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by defining the following map s± : TifiX± — > S± = i^l i±: 

s±(X) :=s(X)T^X = s(X)±/a;±X mod £±, 

for X G Ti^o^ib- "^^^ holomorphic structure on S± is then computed via (1.18), using the 
Courant bracket on TM given by the torsion 3-form H. The resulting Courant algebroid is 
S± = Ti^qX± © T^qX±, with a modified holomorphic structure as in Example 1.4: 

The holomorphic Courant algebroids {S±,X±) can be very different, with non- 
isomorphic underlying complex manifolds X±. Nevertheless, they are closely related, 
as they are both reductions of one and the same smooth Courant algebroid, where the 
liftings i± defining them are compatible in the sense that £+ £_ C E (^ C is a Dirac 
structure, and therefore itself a Lie algebroid. This configuration is well-known in 
the literature and is called a matched pair of Lie algebroids [42, 43]. We now describe 
several consequences of these two compatible reductions. 

Following the philosophy of symplectic reduction applied to Courant algebroids, 
the reduction of E to S± allows us to reduce Dirac structures from E to S±. As in 
Theorem 1.20, we write the reduction of E by a lifting D C E as Eo = D^ /D. Then 
the reduction of Dirac structures proceeds as follows [6]. 

Proposition 3.3. Let L C E be a Dirac structure such that L n D^ has constant rank and L 
is D-invariant, in the sense [0{D), 0{L)] C 0{L). Then the subbundle Ld C E^, defined 
by 

is holomorphic with respect to the induced holomorphic structure (1.18) on Ed and defines a 
holomorphic Dirac structure in E^ called the reduction ofL. 

Using this Dirac reduction, we show that the Dirac structures in E corresponding 
to the ±z-eigenbundles oiJ± descend to holomorphic Dirac structures in S±. 

Theorem 3.4. Each of the holomorphic Courant algebroids S± over the complex manifolds 
underlying a generalized Kdhler manifold contains a pair of transverse holomorphic Dirac 
structures 

where A± are both the reduction of the —i-eigenbundle o/J+ and (H+, B-) are reductions of 
the —i and +i eigenbundles of^-, respectively. 

Proof. Consider the reduction by £_. The Dirac structures in E (>§ C given by the —i- 
eigenbundle of J+ and the +2-eigenbundle of J_ are as follows: 

!+=!+©£_, L_ = £+©£_. 
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Since they both contain £_ as an involutive subbundle, it follows that both Dirac 

structures have intersection with !._ of constant rank, and also that both L^,L^ are 
^--invariant. Hence by (3.2), they reduce to holomorphic Dirac structures A-,B- in 
the holomorphic Courant algebroid S-. These are transverse simply because (+,i+ 
have zero intersection. The same argument applies for the reduction by £+ . D 

Remark 3.5. Using the splittings s±from Remark 3.2, we can describe the Dirac structures 
explicitly as follows. For simplicity, we describe the Dirac structure B+ inside S+ = A+ © 

jB+. The Dirac structure B+ is obtained by reduction ofl^ £_, which has image in Ij^IIj^ 
isomorphic to £_ = Ti^o^-- Hence we give a map T^qX^ — > S^ with image i3+. 

Let P+ be the projection of a vector to Ti^X^, and let P+ be the complex conjugate projec- 
tion. For any X G TifiX-, we have X — gX S £_, and therefore 

X-^X = (P+X + P+X)-g(P+X + P+X) 
= (P+X - gP+X) + (P+X - gP+X) 
= {P+X-gP+X)-2gP+X {modU), 

where the last two terms are in s+ (Ti^oX+) and T|^qX+, respectively. Hence the map 

X ^ P+X - 2gP+X 

is an isomorphism TiqX^ — > B+. In fact the same map gives an isomorphism ToiX_ — > 

A+. 

Remark 3.6. As complex bundles, B± are isomorphic to P(i,o)^¥- ^^ other words, B+, a 
holomorphic Dirac structure on X+, is isomorphic as a smooth bundle to the holomorphic 
tangent bundle of the opposite complex manifold X_, and vice versa for B-. The way in 
which the holomorphic tangent bundle ofX^ acquires a holomorphic structure with respect to 
X+ seems particularly relevant to the study of so-called heterotic compactifications with (2, 0) 
supersymmetry [44, 45], where only one of the complex structures I± is present, but there is 
an auxiliary holomorphic bundle which appears to play a similar role to B±. 

The presence of transverse Dirac structures in each of £± immediately implies, 
by (2.3) and the surrounding discussion, that X± inherit holomorphic Poisson struc- 
tures. We now describe these explicitly, and verify that they coincide with the holo- 
morphic Poisson structures on generalized Kahler manifolds found in [5]. 

Proposition 3.7. By forming the Baer sum A± Kl B±, the transverse Dirac structures A±, B± 
give rise to holomorphic Poisson structures cr± on the complex manifolds X±, both of which 
have real part 

Re{a+) = lg-'[Il,r]. 

Proof. Following (2.4), we compute cr± explicitly using the decomposition 1+ = £+ (B 
(-+ © i- and the canonical splitting of E given by the generalized Kahler metric. Let 
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P± = 2(1 — il±) be the projection of a vector or covector to its (1, 0)± part, and let 
P± be its complex conjugate. Then a± applied to ^ G T*X± C is given by taking 

the component a of P±^ G J^ along i.^, and then projecting it to {TX± ® C)/To^iX±. 
Computing cc, we obtain 

(p^p^^)Tg-Hp^p±a 

and projecting a. we obtain ^P±g^^PzfP±^, so that our expression for a± is 

^± = Tg'^P±PTP± (3-3) 

= lg-H[ii,r]+imi%n)- 

D 

Example 3.8. To give a description of the {A-, B-) Dirac structures for the general- 
ized Kahler structure on the Hopf surface from Example 2.23, we compute the iso- 
morphism TiflXj^ — > A- as in Remark 3.5, yielding X 1— > P_X + IgP^X, and apply 
it to the basis of (1,0)+ vectors given by R^^g^^{xidxi + X2dx2) and R^^g^^{xidx2 — 
Xidxi), obtaining the following basis of holomorphic sections for A-: 

^25! + i^^^i^^i' -^2al7 + 2^2Xidx2. 
The same prescription produces a basis for B- : 

^1^, + 2h^^2dX2, X^^^-^X2dXi. 

We see from this that the anchor map for A- is an isomorphism except along the curve 
{x2 = 0} where it has rank zero, whereas the anchor map for B- drops rank along 
{xi = 0}. Computing the Poisson tensor cr_ using (3.3) yields 

^- = -^1X2^-^^^, 

which is an anticanonical section vanishing on the union of the degeneration loci of 
A-andB-. 

The fact that the ±i eigenbundles of J± descend to transverse holomorphic Dirac 
structures provides a great deal of information concerning the classical geometry that 
they determine on the base manifold. Just as in Section 2.1, where we discussed the 
transverse singular foliations induced on a manifold by transverse Dirac structures, 
w^e have a similar result here. 

Proposition 3.9. The transverse holomorphic Dirac structures A±, B± in S± induce trans- 
verse holomorphic singular foliations F±,Q± on X±. The intersection of a leaf of J^± with a 
leaf of Q± is a (possibly disconnected) symplectic leaf for the holomorphic Poisson structure 
cr±. Furthermore, the singular foliations T±,Q± coincide with the foliations induced by the 
generalized complex structures J+, J-, respectively. 
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Proof. The behaviour of the holomorphic Dirac structures is precisely as in the real 
case, discussed in Section 2.1. To see why the holomorphic foliations coincide with 
the generalized complex foliations, we may appeal to the reduction procedure for 
Dirac structures, which makes it evident. 

Alternatively, observe that in order to extract a foliation from a holomorphic Lie 
algebroid A over X, one possible way to proceed is to first represent the holomorphic 
Lie algebroid as a smooth Lie algebroid with compatible holomorphic structure, by 
forming the associated complex Lie algebroid A = A® T04X as in [46]. Then take the 
fiber product over TX C?) C with the complex conjugate A = A® Ti^X, to obtain a real 
Lie algebroid, defining a foliation of X. 

Applying this to the Lie algebroid A± over X±, we see immediately that the 
associated complex Lie algebroid A± © Tb^X^ is precisely £+ © ^_ = L+, the —i- 
eigenbundle of J+. Furthermore, the fiber product construction yields 

which by (2.7) is the Lie algebroid corresponding to the real Poisson structure asso- 
ciated to J+. The same argument applies to B±, relating its holomorphic foliation to 
that determined by J . D 

Remark 3.10. According to the above proposition, the generalized foliation induced by a 
generalized complex structure J± in a generalized Kahler pair is holomorphic with respect 
to J+ and 7_ . The relationship between the symplectic structure of the leaves and the induced 
complex structures from I± may be understood by applying the theory of generalized Kahler 
reduction, as follows. 

Let S C M be a submanifold and K = N*S its conormal bundle. We saw in (2.5) that 
a Courant algebroid E on M may be pulled back to S to yield a Courant algebroid £5 = 
K^/K over S. If a generalized complex structure ^ on E satisfies JX C K, then it induces a 
generalized complex structure J^ed on the reduced Courant algebroid Es. If S is a leaf of the 
real Poisson structure Q associated to J, it follows that JK C K and that Jred 's of symplectic 
type, reproducing the symplectic structure derived from Q. 

In [6, 33], it is shown that if (J+, J- ) is a generalized Kahler structure for which J+K = K 
as above, then the entire generalized Kahler structure reduces to £5, with (J+)red of symplectic 
type. In particular, we obtain a bi-Hermitian structure on S. We may then perform a second 
generalized Kahler reduction, from S to a symplectic leaf of (J-)red' whereupon we obtain a 
generalized Kahler structure where both generalized complex structures are of symplectic type. 

3.2 Sheaves of differential graded Lie algebras 

A Dirac structure ^ C £" is, in particular, a Lie algebroid, so that the de Rham complex 
(n^, d^) is a sheaf of differential graded algebras. If {A,B) is a pair of transverse 
Dirac structures, then as was observed in [13], the de Rham complex inherits further 
structure. It is shown there that if we make the identification B — A* using the 
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symmetric pairing on £, then the Lie bracket on B extends to a differential graded Lie 
algebra structure on Q^, so that 

is a sheaf of differential graded Lie algebras (the degree is shifted so that Q^ has 
degree k — \). 

Given a differential graded Lie algebra as above, there is a natural question which 
arises: what is the object whose deformation theory it controls? In [13], the above dif- 
ferential graded Lie algebra was explored in the smooth category, in which case there 
is a direct interpretation in terms of deformations of Dirac structures. A deformation 
of the Dirac structure A inside £ = A®B may be described as the graph of a sec- 
tion e G Q^(M), viewed as a map e : A — > B = A*. It is shown in [13] that the 
involutivity of this graph is equivalent to the Maurer-Cartan equation: 

d^e+i[e,e]s = 0. (3.4) 

This leads, assuming that (O^, d^) is an elliptic complex and M is compact, to a finite- 
dimensional moduli space of deformations oi Am £, presented as the zero set of an 
obstruction map H^ — > H| . 

The deformation theory governed by a sheaf of differential graded Lie algebras in 
the holomorphic category is much more subtle, for the reason that the objects being 
deformed are not required to be given by global sections of the sheaf (of which there 
may be none). The objects are considered to be "derived" in the sense that the Maurer- 
Cartan equation (3.4) is not applied to global sections in Q^(X) but rather to the 
global sections in total degree 2 of a resolution I" of the complex Q^. Note that the 
structure of the resolution I" may not, in general, be that of a differential graded 
Lie algebra, but only one up to homotopy, so one must interpret the Maurer-Cartan 
equation appropriately. In any case, the moduli space is then given by an obstruction 
map between the derived global sections of the differential complex (O^, dj{), namely 
the hypercohomology groups. In short, we expect a moduli space described by an 
obstruction map 

H2(n^,d^)^H3(n^,d^). 

General results concerning such deformation theories can be found, for example, 
in [47, 48], and a case relevant to generalized geometry has been investigated in [49]. 
We wish simply to observe that in our case, since the holomorphic Dirac structures 
{A±, B±) are obtained by reduction from smooth Dirac structures in E C, their de 
Rham complexes are equipped with canonical resolutions by fine sheaves, which are 
themselves differential graded Lie algebras controlling a known deformation prob- 
lem. We conclude with the main result of this section, which may be viewed as a 
holomorphic description for the deformation theory of generalized complex struc- 
tures, under the assumption of the generalized Kahler condition. 
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Proposition 3.11. The derived deformation complex defined by the sheaf of holomorphic dif- 
ferential graded algebras (O^ ,dj[^, [■, ■]b+) on the complex manifold X+ is canonically iso- 
morphic to that defined by (Q^ , d^ , [■, -Jg ) on the complex manifold X_; they both yield 
the deformation complex of the generalized complex structure J+. 

Similarly, the sheaves of differential graded Lie algebras (Qg ,dQ^, [•, ■\a±) have derived 
deformation complexes which are canonically complex conjugate to each other, and are natu- 
rally isomorphic to the deformation complex of the generalized complex structure J_. 

Proof. Consider the — / eigenbundle of J+, given by L_|_ = Z+ © Z_. Because L+ de- 
composes into the involutive Lie sub-algebroids (.±, its de Rham complex is the total 
complex of a double complex: 

^i = C(apF ® AHI), d^^ = dj_ + dj^. (3.5) 

p+q=k 

Identifying £j_ with l± using the symmetric pairing on E, the above double com- 
plex inherits a Lie bracket from the Lie algebroid L+ = £_ £+. Furthermore, since 
{Lj^,Lj^) forms a Lie bialgebroid, we obtain that the Lie bracket on (3.5) is compat- 
ible with the bi-grading and the differential. Finally, recall that l± is isomorphic to 
T(Qi\X±. As a result, we may view the differential Z x Z-graded Lie algebra (3.5) in 
tw^o w^ays: 

i) Horizontally, using the differential dj , the complex is a Dolbeault resolution, 
over the complex manifold X_, of the de Rham complex of the holomorphic Lie 
algebroid A- . The inclusion of O^ in the double complex is also a homomor- 
phism of Lie algebras. 

ii) Vertically, using the differential dj , the complex is a Dolbeault resolution, over 
X+, of the de Rham complex of A+. Also, the inclusion of O^ is a homomor- 
phism of Lie algebras. 

On the other hand, the total complex of this double complex has already been inter- 
preted; as we saw in Section 2.1, the differential graded Lie algebra (O^ , dj^ , [•, -Jl^ ) 
controls the deformation theory of the generalized complex structure J+. The state- 
ment f or ( Q g^ , rfg^ ,[•,•] ^± ) is shown in the same way, using instead the ± f -eigenbundles 
ofJ_. * D 

In particular, the above result implies the follow^ing fact, striking from the point of 
view of the complex manifolds X±, which are not related in any obvious holomorphic 
fashion: 

Corollary 3.12. We have the following canonical isomorphisms of hypercohomology for the 
de Rham complexes of the holomorphic Dirac structures {A-,B-) on X_ and {A+,B+) on 
X+; 



M\x^,ny) = M\x+,nv 



H'^(X_,n^J=HHX+,QJ^ 
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3.3 Morita equivalence 

In the previous section, we saw that the pair {A+,B-i-) of transverse holomorphic 
Dirac structures on the complex manifold X_|_ is closely related to its counterpart 
{A-,B-) on X_, in that the Dirac structures A± have identical derived deforma- 
tion theory and hypercohomology groups, and similarly for B± . The purpose of this 
section is to describe the relationship between {X^,A+,B+) and {X^,A-,B-) as a 
Morita equivalence. Morita equivalence for Lie algebroids in the smooth category is 
w^ell-studied in Poisson geometry [50, 51, 52] and the version we develop here is a spe- 
cial case, with additional refinements made possible by the complex structures which 
are present. We use the result from [46] that a holomorphic Lie algebroid £ on X may 
be described equivalently by a complex Lie algebroid structure on L = £ Tq^X, 
compatible with the given holomorphic data. 

Definition 3.13. Let (p± : M — > X± he diffeomorphisms^ from a manifold M to two 
complex manifolds X±, and let C± be holomorphic Lie algebroids on X±. Then £+ 
is Morita equivalent to £_ when there is an isomorphism tp between the associated 
complex Lie algebroids L± :— C± © To^iX±, i.e.: 



(p*_L^ 




Similarly, £+ is Morita conjugate to £_ when there is an isomorphism of complex Lie 
algebroids from L+ to L_. 

Proposition 3.14. Let {A±, B±) be the transverse holomorphic Dirac structures on the com- 
plex manifolds X± participating in a generalized Kahler structure. Then A+ is Morita equiv- 
alent to A-, and B+ is Morita conjugate to B-. 

Proof. This is an immediate consequence of the canonical isomorphisms of complex 
Lie algebroids 

A+ = A+® T04X+ = £_®l^ = A-e To4X_ = A_ 
B+^B+® To,iX+ = £_ e Z+ = BT e Ti,oX_ = B_. 

D 

Just as in [51], the Morita equivalence between A+, A- induces an equivalence 
betw^een their C-linear categories of modules. Similarly the Morita conjugacy between 
B+, B- implies a C-antilinear equivalence of their module categories. Since the Morita 
equivalence is an isomorphism at the level of complex Lie algebroids over M, we 



We take cp± to be diffeomorphisms purely for convenience. 
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can also strengthen this statement to an equivalence of the DG categories of cohesive 
modules [53], i.e. representations up to homotopy [54]. We only remark here that 
these modules have a generalized complex interpretation, since A± = £+©£_ is the 
— /-eigenbundle of J+, whose modules are, by definition, generalized holomorphic 
bundles [25]. 

Corollary 3.15. The categories of holomorphic A±-modules are equivalent to each other and 
to the category of generalized holomorphic bundles for "^j^. Similarly, the category of holomor- 
phic Bj^-modules is equivalent to the category of generalized holomorphic bundles for J_, and 
C-antilinearly equivalent to the category of modules for B-. 

A special case occurs when J _ is of symplectic type; in this case B± are isomorphic 
as holomorphic Lie algebroids with Ti oX±. But Ti^qX^ is a holomorphic Lie algebroid 
which is actually Morita conjugate to itself, via the complex conjugation map 

Ti,oX+ e T04X+ ^ Ti,oX+ e T04X+. 

Hence, composing this with the Morita conjugacy B-^- — > B-, we obtain that S+ is 
Morita equivalent to B- . This is significant because w^e then have a Morita equiva- 
lence between the fiber product of the Lie algebroids over Ti oX±: 

A+ eTi.oX+ B+ — > A- eTi,oX_ B-. 

But by Proposition 3.7, these fiber products are the holomorphic Lie algebroids corre- 
sponding to the holomorphic Poisson structures cr^- on X± . Hence we obtain a Morita 
equivalence between holomorphic Poisson structures, generalizing the result in [11] 
on Morita equivalence for a specific construction of generalized Kahler structures. 

Corollary 3.16. If either J+ or ][_ is of symplectic type, then the holomorphic Poisson struc- 
tures (T± on X± are Morita equivalent. 

3.4 Prequantization and holomorphic gerbes 

Geometric quantization of symplectic manifolds is perhaps best understood in the set- 
ting of Kahler geometry. A symplectic manifold (M, a;) is said to be prequantizable 
when [a;] /In G H^{M, R) has integral periods, i.e. is in the image of the natural map 
H^{M,Z) — > H^{M,M.). A prequantization of such an integral symplectic form is 
a Hermitian complex line bundle {L,h) equipped with a unitary connection V such 
that F( V) = ico. The presence of a complex structure I compatible with co, sometimes 
called a complex polarization, then implies that V*^'^ defines a holomorphic structure 
on the line bundle L, which is used to proceed with the geometric quantization pro- 
cedure. In this sense, we view a Hermitian holomorphic line bundle over a complex 
manifold {M,I,L,h) as a prequantization of the Kahler structure {M,I,co). In this 
section, we seek an analogous result for generalized Kahler manifolds. 
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Our first task is to prequantize the underlying Courant algebroid E. For this to 
be possible, we need the quantization condition that [E]/2ti € H^{M,1R) has inte- 
gral periods, and choose a Hermitian gerbe {G,h) with unitary 0-connection V such 
that the associated Courant algebroid Ey (via Corollary 1.13) satisfies [Ey] = [£]■ 
This is always possible since the map (1.15) is surjective onto classes vanishing in 
H3(M,R/Z). 

If Ey carries a generalized complex structure J, it immediately obtains Dirac struc- 
tures E, E given by ker(J ^ i), and by Theorem 1.15, this induces flat connections on G 
over these Lie algebroids. By analogy with vector bundles, we say that a gerbe with a 
flat E-connection is a generalized holomorphic gerbe. 

Proposition 3.17. Let J be a generalized complex structure on Ey, where V is a unitary 0- 
connection on the Hermitian gerbe {G,h). Then G inherits a generalized holomorphic struc- 
ture. Furthermore, it has aflat Poisson connection for the underlying real Poisson structure. 

Proof. G inherits a flat E-connection by Theorem 1.15. To show that it has a flat Poisson 
connection, we note that the trivial gerbe has a canonical flat E-connection, and by 
tensoring with G we obtain a flat connection on G, for the fiber product of E with E, 
w^hich by (2.7) is the Lie algebroid of the Poisson structure Q underlying J, as required. 

D 

Applying the above result to each generalized complex structure separately, a gen- 
eralized Kahler structure (J+, J-) on Ey induces flat E-t -connections on G, rendering 
it generalized holomorphic with respect to both J±. 

Corollary 3.18. Let (J+,J-) be a generalized Kahler structure on Ey, ivhich is as above. 
Then the gerbe G inherits generalized holomorphic structures over J+ and J_. In particular, 
it obtains flat Poisson connections over the real Poisson structures Q± underlying J±. 

We may interpret the above generalized holomorphic structures in terms of the 
underlying bi-Hermitian geometry, as follows. 

Proposition 3.19. Let {G,h, V, J+, J_) be as above. Then G inherits holomorphic structures 
with respect to the underlying complex manifolds X±, defining holomorphic gerbes Q±. Fur- 
thermore, Q± inherit holomorphic ^-connections d±, whose associated holomorphic Courant 
algebroids £± are given in Proposition 3.1. 

Proof. The commuting of J± induces the decomposition (2.14), and since i± are lift- 
ings of To,iX±, Theorem 1.21 implies that the gerbe G inherits the structure of a holo- 
morphic gerbe with holomorphic 0-connection over X±, with associated holomor- 
phic Courant algebroid £± given by the reduction of Courant algebroids in Proposi- 
tion 3.1. D 

Remark 3.20. The fact that the gerbe G inherits a pair of holomorphic structures with respect 
to X± was proposed in the papers [14, 15, 16], which contain more insights concerning the 
precjuantization of generalized Kahler geometry than are formalized here. 
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By the holomorphic reduction procedure developed in Section 3.1, we saw that the 
Dirac structures L± reduce to the pair of holomorphic Dirac structures A±, B± C S±. 
Theorem 1.15 then immediately yields the following result, which may be interpreted 
as establishing a relationship between the holomorphic gerbes Q± over X± deriving 
from the fact that X± participate in a generalized Kahler structure. 

Theorem 3.21. Let {G±,d±) be the holomorphic gerbe with 0-connection obtained as above 
from a generalized Kahler structure with prequantized Courant algebroid. Then Q± has flat 
connections over the holomorphic Lie algebroids A±, B±, and consequently has aflat Poisson 
connection with respect to the holomorphic Poisson structure cr±. 

Proof. The decomposition E± = A± © B± obtained in Theorem 3.4 implies, by The- 
orem 1.15, that Q± obtains flat connections over A± and B±. By Proposition 3.7, the 
Baer sum Aj- Kl B± yields the Lie algebroid of the holomorphic Poisson structure a±, 
and since the Baer sum coincides with the fiber product of Lie algebroids (Proposi- 
tion 2.5), we obtain a flat Poisson connection on Q± with respect to cr±. D 
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